Analysis of Orthogonal Saturated Designs

Daniel T. Vossand WeizhenWang ’

This chapter provides a review of special methods for analyzing data
from screeningexperiments conducted using regular fractional facto-
rial designs.The methods consideredare robust to the presenceof
multiple nonzeroe ects. Of special interest are methods that try to
adapt e ectiv ely to the unknown number of nonzeroe ects. Emphasis
is on the developmert of adaptive methods of analysis of orthogonal
saturated designswhich rigorously control Typel error rates of tests or
con dence levels of con dence intervals under standard linear model
assumptions. The robust, adaptive method of Lenth (1989) is used
to illustrate the basic problem. Then nonadaptive and adaptive ro-
bust methods of testing and con dence interval estimation known to
cortrol error rates are introduced and illustrated. While the focus is
on Type | error rates and orthogonal saturated designs, Type |l er-
ror rates, nonorthogonal designsand supersaturated designsare also
discussedbrie y .

1 Intro duction

In the design and analysis of experiments in industry, screening plays an
important role in the early phasesof experimentation. In Chapter ??, Mont-
gomery and Jennings provide an overview of screeningexperiments and also
give an introduction to regular fractional factorial designswhich are often
usedin this context. Building upon this foundation, we give further consid-
eration to the analysis of data collected using such designs.In particular, we
describe methods that are appropriate when the design of the experiment
producesjust enoughobsenations to allow estimation of the main e ects and
interactions of interest; that is, the design is saturated. We concerrate on
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methods of analysis that are adaptive in the sensethat the estimator of the
error varianceis altered depending on the valuesof the estimated main e ects
and interactions from the experiment.

For motivation and illustration, we considerthe plasmaetching experiment
discussedby Montgomery and Jennings in Chapter ??. The experimertal
desighwasa 2|6V 2 regular fractional factorial designwith 16 obsenations that
allows the estimation of 15 factorial e ects. The data and aliasing schemeare
givenin Tables3 and 4 of Chapter ?7?.

The linear model, in matrix form, that we usefor data analysisis

Y =X + ; 1)

ters o; 1;:::; n;andX isthe model matrix which is formulated asdescribed
below.

The least squaresestimate of eadh main e ect is the averageof the eight
obsenations at the high level of the factor minus the average of the eight
obsenations at the low level and, likewise,the least squaresestimate of eath
interaction e ect is the average of an appropriate set of eight obsenations
minus the averageof the other eight obsenations, asdescribed in Chapter ??,
Section2. In order for the parametersin our model to measurethe main e ects
and interactions directly, the columns of the model matrix X are formed as
follows. The rst column consistsof a column of onescorresponding to the
intercept parameter . For eadh main e ect parameter, the elemers of the
corresponding column of X consistsof +0:5 for the high level of the factor and

0:5 for the low level. For the parameter measuring the interaction between
factorsi and |, the ertries in the corresponding column of X are obtained by
multiplying the elemens of the i andj main e ects columns,then multiplying
by 2 sothat all elemers are again +0:5 or 0:5.

When an experimert is carefully conducted and the correct model is used,
then independenceof the response variables is often a reasonableassump-
tion. The experimenters of the plasma etching investigation were reportedly
comfortable with the assumptionsof normality and constart variance, based
on their prior experiencewith similar experiments. From the 16 obsenations
collected using this design, under the above model assumptions,there are 15
independert factorial e ect estimators which can be usedfor the analysis.We

A, B,C,D, E, F, AB, AD, AE, AF, BD, BE, BF, ABD, ABF. These
valuesof i include a represenativ e e ect from ead set of aliasesfor this de-
sign; seeChapter ?? for a discussionof aliasesand seeTable 4 of that chapter
for the de ning relation and aliasesfor the plasma etching experiment under
consideration here.

Under the assumptions of model (1), the least squaresestimators of the
15 main e ects and interactions are independertly normally distributed with
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Table 1. Factorial e ect least squares estimates and squared estimates for the
plasma etching experiment of Chapter ??

E ect N "2

A -175.50 30800.25
AB 106.75 11395.56
E 103.50 10712.25
B 58.00 3364.00
BE -53.75 2889.06
ABF -29.75 885.06
AE 27.25 742.56
D 18.75 351.56
F -18.75 351.56
C -18.50 342.25
BF -16.00 256.00
AF -13.00 169.00
ABD -5.75 33.06
AD 4.50 20.25
BD 3.00 9.00

equal variances,and ead estimator provides an unbiasedestimate of the cor-
responding e ect. The \corresponding e ect" is a factorial treatment corntrast
together with its aliases(as explained in Chapter ??). Independenceof the
estimators of thesee ects is a consequencef using an orthogonal design since
an orthogonal designis onethat yields uncorrelated estimators under the as-
sumptions of model (1) and uncorrelated estimators are independert under
normality. For the plasmaetching experiment, the least squaresestimatesare
givenin Table 1 of this chapter and will be usedto illustrate various methods
of analysis.

Given a regular fraction of a 2’ experiment and independert response
variables, the estimators described above have constart variance even if the
individual responsevariables do not. Also, the estimators are approximately
normally distributed by the Central Limit Theorem. However, if the response
variables have unequal variances, this unfortunately causesthe estimators
to be correlated and, therefore, dependert. The use of the data analysis to
assesswhether the levels of some factors a ect the response variability is,
itself, a problem of great interest due to its role in robust product design;see
Chapter ?? for a discussionof available methods and analysis. In the presen
chapter, we consider situations in which the estimators are independert.

Oneadditional premise,fundamental to the analysisof data from screening
experimerts, is the assumption of e ect sparsity, namely, that very few of the
e ects under study are sizable. In a screeningexperimert, it is common for
an investigator to study as many factors as possiblein the experiment, but
there is usually a restriction on the number of obsenations that can be run.
As a result, screeningexperimernts often include no replication and so provide
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no pure estimate of error variance. Furthermore, such experiments are often

designedto be saturated (having just enough obsenations to estimate all

of the e ects, but leaving no degreesof freedom for error). Thus, there is no
meansquarederror with which to estimate the error varianceindependertly of
e ect estimates.The lack of an independen estimator of variance meansthat

standard methods of analysis, such asthe analysis of variance and con dence
intervals and tests based on the t-distribution, do not apply. Nonetheless,
provided that e ect sparsity holds, the use of a saturated design often leads
to the estimatesof the large e ects standing out relative to the others; this is
fundamenal to the e ectiv e analysis of data from a saturated design.

A traditional approadc to the analysis of data from an orthogonal satu-
rated design utilizes half-normal plots of the e ect estimates. This approac
was intro duced by Daniel (1959) and is illustrated in Figure 3 of Chapter ??
for the plasma etching data. In a half-normal plot, the ordered absolute val-
uesof the estimatesare plotted against their expected values, or half-normal
scores,under the assumptionthat the estimators all have meanzeroin addi-
tion to being normally distributed with equalvariances.If only a few estimates
are relatively large in absolute value, then the corresponding points tend to
stand out in the plot away from a line through the points corresponding to
the absolute values of the smaller estimates. Daniel advocated using this ap-
proach iteratively: if the largest estimate is determined, often subjectively, to
correspond to a nonzeroe ect, then that estimate is removed beforethe next
step of the analysis;at the next step, the half-normal plot is regeneratedusing
the remaining e ects; the largest remaining estimate is then evaluated. This
processis iterated until the largest remaining estimate doesnot stand out. In
practice, sud iteration is seldomdone. Without iteration, a reasonableinter-
pretation of the half normal plot in Figure 3 of Chapter ?? is that v e e ects
stand out, thesebeing the e ects A, AB, E, B, and BE, or their aliases(for
example,BE = AC).

From an historical perspective, the analysisof orthogonal saturated designs
was consideredinitially by Birnbaum (1959) and Daniel (1959). In addition to
half-normal plots for the subjective analysis of orthogonal saturated designs,
Daniel (1959) also consideredmore formal, objective methods of analysis of
such designs,asdid Birnbaum (1959) in a companion paper. Each considered
testing for a nonzeroe ect amongsth e ects, assumingthat at most onee ect
is nonzero.Birn baum provided a most powerful test of this simple hypothesis
(see Section 2 for the de nition of a most powerful test). His test is based
on the proportion of the total variation that is explained by the largest esti-
mated e ect. Such a test could be iterated to test for more than one nonzero
e ect, but then true error rates and the choice of a best test becomeunclear.
Birnbaum also sough optimal rules for deciding which, and how many, e ects
are nonzerowhen at most two e ects are truely nonzeroand noted that the
problem was then already quite complex.

Subsequetly, Zahn (1969, 1975ab) consideredsome variations on the it-
erative methods of Daniel (1959) and Birnbaum (1959), but his results were
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primarily empirical. The subjective use of half-normal plots remains a stan-
dard methodology for the analysis of orthogonal saturated designs,but the
developmert of objective methods is progressingrapidly.

Box and Meyer (1986, 1993) provided Bayesianmethods for obtaining pos-
terior probabilities that e ects are active; seeChapter ??, Section2, for more
details. There followed a urry of papers proposing new frequertist meth-
ods, giving re nements of the methods, and making empirical comparisonsof
the many variations. Hamada and Balakrishnan (1998) provided an extensive
review of these methods, including a Monte Carlo-based comparison of the
\op erating characteristics" of the methods; that is, a comparisonof the power
of the methods for a variety of combinations of e ect values(parameter con-
gur ations). They found that comparison of methods is di cult for various
reasons.For example, someare intended for individual inferencesand others
for simultaneous inference. Each method is designedto be \robust”, as dis-
cussedin Section 3, but eadh method hasits own inherent \breakdown point"
with respect to the number of non-negligible e ects that can be identi ed.
Still, there are commonalities of the better methods. The preferred methods
typically usethe smaller ordered absolute values of the estimated e ects or
the corresponding sums of squaresto obtain a robust estimate of variabilit y.
We refer the reader to Hamada and Balakrishnan (1998) for further details
on the many proposedmethods.

The most in uential of these methods is a \quick and easy" method in-
troduced by Lenth (1989). Lenth's method was ground breaking because,in
addition to being simple, it is robustto the presenceof more than one large
e ect and it is adaptive to the number of large e ects. Furthermore, empiri-
cal studies suggestthat it maintains good power over a variety of parameter
con gurations. We use Lenth's method to illustrate the conceptsof \robust"
and \adaptiv e" in Section 3 and apply it to the plasma etching study of
Chapter ??. In Section4, we intro duce robust methods of con dence interval
estimation, someadaptive and somenot, but all known to provide at leastthe
speci ed con dence level under all parameter con gurations. Section 5 con-
tains someanalogousresults for hypothesistesting. Thesecon dence interval
and testing methods are again illustrated using the data from the plasma
etching study. The chapter concludeswith a broader discussionof the issues
for the analysis of unreplicated factorial designs.First though, in Section 2,
we give our formulation of the factor screeningproblem.

2 Formulation of the factor screening problem

For a given experiment with f factors conducted using a 2' 9 fractional fac-
torial design,thereareh = 21 9 1independert factorial e ect estimators N
i=1;:::;h,where™,  N( i; 2). Supposethat e ect sparsity holds sothat
most of the e ects ; are zero (or negligible), with only a few of the e ects
being large in magnitude.
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The basicfactor screeningproblem is to determine which e ects are large
and which are small. Any factor found to have only negligible main e ects
and interactions requires no further investigation and so need not be con-
sideredin subsequeh experimertation. The primary objective of a screening
experimert is, therefore, to screenout unimportant factors sothat subsequen
experiments can focus on studying the important factors without being un-
duly large. Also, any factors found to have large e ects desene further study,
sotheir identi cation is obviously of value.

In the language of hypothesistesting, it is generally agreedthat Type |
and Typell errors are both of importance in screeningexperiments. If a Type
| error is made, the consequenceés that an unimportant factor remainsunder
investigation for one or more subsequeh rounds of experimentation, using
additional resourcesand perhaps slowing progress.On the other hand, if a
Type Il error is made, an important factor may be excluded from future
experiments and this could undermine the successof the ertire study. In
view of this, one could argue that con dence intervals are more useful than
hypothesistesting, provided that the con dence intervals are tight enoughto
pin down adequatelythe magnitude of eadh e ect. Perhapsrejecting, or failing
to reject, the null hypothesisthat an e ect is zero in the absenceof power
calculations may be of little value. Or, one might argue that a completely
di erent formulation of the problem is needed, perhaps along the lines of
bioequivalencetesting (see Brown, Hwang, and Munk, 1997), where the goal
is to demonstrate similarity of e ects rather than di erences. For example,
onecould try to demonstrate that certain e ects are closeto zerosothat the
corresponding factors merit no further consideration.

The above discussionsuggestgpossibledi culties in formulating the prob-
lem of data analysis for screeningexperiments. However, it is perhaps more
accurate to say that, even if Type Il errors are as, or more important than,
Type | errors in the analysis of screeningexperiments, it is more di cult to
deal with Type Il errors. (This is becausethe probability of making Type Il
errors depends on the parameter con guration under composite alternativ e
hypotheses.)We can obviously avoid making Type Il errors by always assert-
ing that all e ects are nonzero, so never screeningout any factors, but then
the primary goal of a screeningexperiment cannot be achieved. So, in seard-
ing for the methods which are best at detecting large e ects in the analysis of
screeningexperiments, one must strike a balance between Type | and Type
Il errors.

To be able to compare methods even-handedly we have chosento rely on
a fundamental premisein statistical hypothesistesting, namely, we seekthe
most powerful level- test. A test is of level- if the probability of making a
Type | error is at most . If this upper bound on the Type | error rate is
the least upper bound (as it is when the upper bound is achieved for at least
one set of parameter values), the test is said to be of size . Amongst level-
tests, one is a most powerful test if, loosely speaking, it is the most likely to
detect nonzero e ects, large or small. In the analysis of saturated designs,
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establishing that a test is level- is complicated by the fact that all of the
e ect parameters are of interest yet, in testing any single e ect, the other
e ects are nuisance parameters. For the methods of analysis proposedin the
literature, critical valuesare invariably determined under the assumptionthat
all of the e ects ; are zero;we call this the null case However, for most of the
available methods of data analysis, it still remains an open problem to prove
that useof critical valuesobtained under the null distribution yields a level-
test. In other words, for most proposed methods of data analysis, it remains
an open problem to show that the null caseis the \least favorable"; that is,
it is the parameter con guration that has the highest Type | error rate. If
this is true, then the use of thesecritical valueswill yield size- tests. Such
may well be the casefor orthogonal designsbut, most curiously, Wang and
Voss(2001) provided a counterexample for a particular method of analysis of
nonorthogonal saturated designs.

In view of these considerations, a reasonablegoal is to seekmethods of
analysisfor screeningexperiments that include powerful tests of speci ed size
or level and exact con dence intervals that are tight. An exact con dence
interval is analogousto a test of speci ed size|\exact” meansthat the con -
dencelevel is at least as high asthe level claimed and the level claimed is the
greatestlower bound on the con dence level.

3 Robust adaptiv e metho ds

The most in uential method of analysis of orthogonal saturated designsyet
proposedis the robust, adaptive method of Lenth (1989). The \quick and
easy" method that he proposedis based on the following estimator of the
standard deviation, , of the e ect estimators ". This estimator is \robust"
and \adaptiv e", conceptswhich will be explainedin detail after the following
description of the method.

First, obtain an initial estimate of

7o = 1:5  (the median of the absolute estimatesjj ) : (2)

For the plasma etching experiment, the median absolute estimate is 18.75,

which canbe found asthe eighth listed valuein Table 1. This yields *, = 28:13

from (2). If the estimators " are all normally distributed with mean zeroand

common standard deviation , then *, is approximately unbiasedfor
Secondly calculate an updated estimate

AL = 1.5 (the median of thosej”jj that are lessthan 2:5%,);

where subscript L denotesLenth's method. For the plasma etching experi-
ment, 2:5", = 70:31. Each of the three largest absolute estimatesexceedghis
value and sois set aside. The median of the remaining 12 absolute estimates
is 18.63.Thus A = 27:94, which is slightly smaller than *,.
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Lenth (1989) referred to this estimator # asthe pseudostandard error of
the estimators "j. He recommendedusing the test statistic =7 to test the
null hypothesis ; = 0 and recommendedusing the quartity (Ai i)="L to
construct a con dence interval for ;.

Critical valuesfor individual testsand con dence intervals are basedon the
null distribution of | Aij:"L : that is, on the distribution of this statistic whenall
e ects ; arezero.Lenth proposeda t-distribution approximation to the null
distribution, whereasYe and Hamada (2000) obtained exact critical valuesby
simulation ofinj:"L under the null distribution. From their tables of critical
values, the upper 0.05quantile of the null distribution ofj”\j="_ isc. = 2:156.
On applying Lenth's method for the plasma etching experiment and using

= 0:05for individual inferences,the minimum signi cant di erence for eath
estimate is calculatedto bec. . = 60:24. Hence,the e ects A, AB and E
are declaredto be nonzero,basedon individual 95% con dence intervals.

From empirical comparisonsof various proposed methods of analysis of
orthogonal saturated designs, (Hamada and Balakrishnan, 1998; Wang and
Voss,2003), Lenth's method can be shown to have competitiv e power over a
variety of parameter con gurations. It remainsan open problem to prove that
the null caseis the least favorable parameter con guration.

We now discusswhat it meansfor a method of analysis to be \robust"
or \adaptiv e". Lenth's method is adaptive becauseof the two-stageprocedure
usedto obtain the pseudostandard error. The pseudostandard error | is
computed from the median of most of the absolute estimates, but how many
are excluded from the calculation depends on the data. In other words, the
procedureadaptsitself to the data, and it attempts to dosoe cien tly. It seems
reasonableto believethat ;6 0 ifj'\ij > 2:5", becausefor a random variable
X having a normal distribution with mean zero and standard deviation
P(jXj> 25 ) 0:0124.In a sensepneis pre-testing ead hypothesis

Hoi: i=0

in order to set large estimates aside in obtaining the pseudostandard error,
which is then usedfor inferenceon the remaining e ects ;.

Consider now robustness. If the estimators "} are computed from inde-
pendent responsevariables then, as noted in Section 1, the estimators have
equalvariancesand are usually at least approximately normal. Thusthe usual
assumptions, that estimators are normally distributed with equal variances,
are approximately valid and we say that there is inherent robustnesso these
assumptions.However, the notion of robustmethads of analysisfor orthogonal
saturated designsrefersto something more. When making inferencesabout
any eect , all of the other eects  (k 6 i) are regarded as nuisance pa-
rameters and \robust" meansthat the inference procedureswork well, even
when seeral of the e ects ¢ are large in absolute value. Lenth's method is
robust becausethe pseudostandard error is based on the median absolute
estimate and henceis not a ected by a few large absolute e ect estimates.



Analysis of Orthogonal Saturated Designs 9

The method would still be robust even if one usedthe initial estimate o of
, rather than the adaptive estimator »_, for the samereason.

Any robust method hasa breakdownpoint, which is the percertage of large
e ects which would make the method ine ectiv e. For Lenth's method, if half
or more of the e ect estimatesare very large in magnitude, then ~, will be
large and henceso will ~_, causingthe method to lose so much power that
the method breaks down. Hence, the breakdown point is about 50%. One
could lower the breakdown point by using, for example, the 30th percertile
of the absolute estimates rather than the median to estimate . Howewer,
this would increasethe variabilit y of the pseudostandard error, which would
reduce power when there truly is e ect sparsity.

In summary, Lenth's method is robust in the sensethat it maintains good
power as long as there is e ect sparsity and it is adaptive to the degreeof
e ect sparsity, using a pseudostandard error that attempts to involve only
the estimates of negligible e ects.

Like many methods of analysis of orthogonal saturated designsproposed
in the literature, the critical valuesfor Lenth's method are obtained in the
null case(all ; zero), assumingthis is su cien t to cortrol the Type | error
rates. This raisesthe question: can one establish analytically that Lenth's and
other proposed methods do indeed provide the claimed level of con dence
or signi cance under standard model assumptions?The rest of this chapter
concernsmethods for which the answer is \y es".

4 Robust exact con dence interv als

In this section, we discussthe construction of individual con dence intervals

for each factorial e ect i, basedonly on the leastsquaresestimates Mo h
An exact 100(1 )% con dence interval for ; is analogousto a size- test
of the null hypothesis ; = 0, against a two-sided alternativ e. In testing this

hypothesis,the probability of making a Type | error dependson the values of
the other parameters , k 6 i. Such a test would be of size , for example,
if under the null hypothesis, the probability of making a Type | error were
exactly when ¢ = Ofor all k 6 i and at most for any other values of
the ¢ for k 6 i. By analogy, a con dence interval for ; would be an exact
100(1 )% con denceinterval if the con dence level wereexactly 100(1 )%
when = Ofor all k 6 i and at least 100(1 )% for any valuesof the
for k 6 i. Inference proceduresthat control the error rates under all possible
parameter con gurations are said to provide strong control of error rates see
Hochberg and Tamhane(1987) and also Chapter ??. For a con dence interval,
the error rate is at most  if the con dence level is at least 100(1  )%.
When screeningexperiments are used, it is generally anticipated that sev-
eral e ects may be nonzero. Hence, one ought to use statistical procedures
that are known to provide strong control of error rates. It is not enoughto
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control error rates only under the complete null distribution. This section
discussesexact con dence intervals. Size- tests are consideredin Section5.

4.1 Non-adaptiv e condence interv als

The rst con dence interval for the analysis of orthogonal saturated designs
which provided strong cortrol of the error rate wasestablishedby Voss(1999).

His con denceinterval for ; excludes”; from the computation of the standard
error and is obtained using the random variable

G

where the denominator is the squareroot of
Pu n

k

— (3)

A2 — =1
v u

which is the meansquaredvalue of the u smallestof the h 1 e ect estimates
excluding %, and whereu is speci ed beforethe data are examined.Here A(zk)

denotesthe kth smallestof the h 1 squaredestimates "2 for k 6 i.
Let cy be the upper- critical value, obtained asthe upper- quartile of
the distribution of j";j="v when all e ects are zero. Voss(1999) showed that

N
i Cv’v

is an exact 100(1 )% con dence interval for ;. This result was obtained
from a basic but obscureStochastic Ordering Lemma, which says that
iy (4)

is stochastically largest under the complete null distribution. This follows

because(4) is a non-increasingfunction of A,f for eath k 6 i, the estimators
N

increasingin 2. As a consequenceif

P % v o =1
under the null distribution, then

P i ij=v o 1

under any parameter con guration. This stochastic ordering result was ob-
tained independertly by Alam and Rizvi (1966) and Mahamunulu (1967).
We now apply Voss' method to the data from the plasma etching exper-
iment to construct individual 95% con dence intervals for ead e ect using
u = 8. The pooling of 8 sums of squaresinto the denominator (3) provides
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a reasonably robust procedure without undue loss of power. One could, of
course,pool more than 8 sumsof squaresinto the denominator, as one would
usually anticipate greater e ect sparsitymore than 8 negligible e ects|in

a screeningexperimernt. Still, 8 provides a reasonabletradeo betweenpower
and robustness. Also, for simultaneous con dence intervals, Dean and Voss
(1999) provided critical valuesfor this choice because,n a single replicate 2*
factorial experiment, an inactive factor is involved in eight inactive main ef-
fectsand interactions which could then be usedto provide the denominator (3)
in Voss' method.

On application of Voss' method for h = 15 total e ects, u = 8 smallest
e ects and 95% individual con dence level, we nd by simulation that the
critical value is cy = 5:084. This and subsequeh simulated critical valuesin
this chapter are obtained by generating a large number of sets of estimates
under the null distribution (that is, with mean zero and standard deviation
one), computing the relevant statistic for ead set of estimates, and using
the upper quantile of the resulting empirical distribution of values of the
statistic as the critical value. Sample programs for computing critical values
are available at http://www.wrigh t.edu/~dan.voss/.

For any of the sewen largest estimates, expression(3) gives”Z = 19159, s0
the minimum signi cant di erence iscy v = 70:37.From Table 1, we seethat
three e ects have estimates larger than 70.37 in absolute value, namely, A,
AB and E. Hence,individual 95% con dence intervals for thesethree e ects
do not include zero, so these e ects are declaredto be non-zero. No other
e ects can be declaredto be non-zerousing this method. Theseresults match
those obtained using Lenth's individual 95% con dence intervals.

Vossand Wang (1999) shaved that simultaneouscon dence intervals could
be obtained using a similar, but more complicated, technical justi cation. For
simultaneous intervals, the computation of the critical value is basedon the
null distribution of the maximum of the h random variablesj'\ij:"v and the
upper quartiles can be obtained via simulation, as described above.. The
critical valuesare provided in Table A.11 of Dean and Voss(1999). We do not
illustrate this method here but instead illustrate adaptive simultaneouscon -
denceintervalsin the following section.Basedon power simulations conducted
by Wang and Voss(2003), adaptive methods appear to have better minimax
power and competitiv e averagepower when comparedto non-adaptive meth-
ods over a variety of parameter con gurations.

4.2 Adaptiv e condence interv als

We now extend the above ideasto obtain adaptive individual con dence in-
tervals for eath e ect ;| and again apply the methods to the plasma etching
example.In dewveloping such intervals that strongly cortrol the error rate, the
motivation of Wang and Voss (2001, 2003) was the approach used when ex-
amining the half-normal probability plot. This involveslooking for a jump in
the magnitude of the absolute estimates, or their squaredvalues,in order to
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determine how many of theseshould be pooledinto the estimate of 2. Below,
we describe the methodology of Wang and Voss(2003) and, for simplicity, we
concerirate on the special caseof their generaltheory that is most useful in
practice.

Suppose that one allows the possibility of pooling into the estimate of
error the j smallest of the h 1 squared estimates, excluding Aiz, for some
prespeci ed setJ of choicesfor j. For example,for h = 15 e ects, one might
consider pooling either 8 or 12 of the 14 available squared estimates, since
12 might give very good power if only one or two e ects are non-negligible,
but 8 would be a better choiceif there happensto be lesse ect sparsity. This
correspondsto taking J = f8; 12g, and simulations by Wang and Voss(2003)
found that this choice provides good power under a variety of parameter
con gurations. Let

X
N=w TRE )
k=1
denotethe meansquaredvalue of the j smallestsquaredestimates(excluding
), scaledby a prespeci ed weight w;, and let A2, be the minimum value of
all the "jz for valuesof j in the prechosenset J; that is,

Ny = minfA? jj 2 Jg: ®)

=38
Since the A(Zk) are ordered in increasing value, szl "(Zk):j is increasing in
j. So, the condition that w; < wjo for j > j°is imposedon the constarts
w; in order for “nin to be adaptive, namely, sothat any j could yield the

minimum value of ,\jz_ Also, “min is a non-decreasingfunction of eat Alf for
k 6 i, providing the meansto establish strong cortrol of error rates via the
Stochastic Ordering Lemma.

An application of this lemma shows that an exact 100(1 )% con dence
interval for ; is given by

N

i Cmin “min ;
where cnin denotesthe upper- quantile of the null distribution ofj'\ij="min.

Somefurther guidanceis neededconcerningspeci cation of the setJ and
the weights w; for j 2 J. When exactly j of the e ects are zero or negligible,
it is desirablethat “min is equalto #; and the chance of this happening is
greater for smaller w; . This provides somebasisfor choosingthe w; using any
existing knowledgeconcerningthe likely number of negligible e ects. However,
one generally doesnot know how many e ects are negligible; hencethe desire
for a robust, adaptive method. Wang and Voss(2003) conducted an empirical
power study of the procedurefor various choicesof J and w; for j 2 J for the
analysis of 15 e ects. A choice of J that yielded good minimax and average
power over a variety of parameter con gurations wasthe setJ = f8;12g, for
which either the 8 or 12 smallest squared estimates are pooled to estimate
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the variance. Furthermore, for this choice, each weight w;, for j 2 8;12g,

was chosento make "jz an unbiased estimator of the common variance of

the estimators " when all e ects ; are zero. To apply this method, each
lue wj can be obtained by simulation by computing the average value of

]k=1 Z(zk)=j [that s, the averageof the j smallest squaredvaluesof h 1
pseudostandard normal random variables|and then taking the reciprocal of
this average.

If we apply this method to the plasma etching experiment and compute
individual 95%con dence intervalsusingJ = f 8; 12g, we obtain by simulation
the valueswg = 4:308, wi, = 1:714 and cmin = 2:505. For the e ects A,
AB and E corresponding to the three largest estimates, 3 = 82535 and
N2, = 134454,s0 72, = 82535 and the minimum signi cant dierence is
Cmin “min = 71:97. Therefore the e ects A, AB and E are declared to be
signi cantly di erent from zero.The e ects with the next largest estimatesare
B and AC. Theseare not signi cant basedon the sameminimum signi cant
di erence, although the value of ~2, (usedto compute the corresponding test
statistics NOT TR UE???) is larger for assessingthese e ects, sinceit is
computed using the 12 smallest squared estimates apart from the one for
which the con dence interval is being constructed.

Wangand Voss(2003) shaved that simultaneouscon dence intervals could
be obtained in a similar way, by computing the critical value basedon the null

where, for ead i, “min is a function of the estimators excluding . To obtain
simultaneous 95% con dence intervals for all 15 e ects, the simulated critical
value provided by Wang and Voss (2003) is cnin = 6:164. For examining
ead of the 7 largest estimates, 22, is again equal to ~Z = 82535 from (5)
and (6). Sowe nd that the minimum signi cant di erence for simultaneous
95% con dence intervals is

The largeste ect estimate, M= 17550, hasmagnitude just under this more
stringent threshold for simultaneous inferenceand thus none of the e ects are
found to di er signi cantly from zero.

Obviously, simultaneous 95% con dence intervals are more consenative
than individual 95% con dence intervals, explaining the lack of signi cant
results in this case.We advocate that both individual and simultaneouscon -
denceintervals be used, sincethey provide di erent information and are both
useful. The nding that three e ects are signi cant using individual, but not
simultaneous, 95% con dence intervals suggeststhe possibility of false posi-
tives, for example, whereasthe signi cant results would be more believable
if the simultaneous con dence intervals identied the samee ects as being
signi cant.

Simulations of Wang and Voss (2003) show little di erence in power be-
tweentheir adaptive con dence intervalsusingJ = f 8; 12g and the con dence
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intervals of Lenth (1989), though the former have the advantage that cortrol
of Type |l error rates is established.

5 Robust size- tests

In this sectionwe focus on hypothesistesting and discussboth individual and
simultaneous tests for detecting non-zero e ects. Of special interest are the
step-down tests described in Section 5.2, asthese o er improved power over
single-steptests.

5.1 Individual and simultaneous single-step tests

Adaptiv e, robust single-steptestsof size , both individual and simultaneous,
can be basedon the corresponding con dence intervals already discussed.To
test the hypothesis

Hoi: =0

for eadh xed i, or to test these hypothesessimultaneously, one may simply
ched whether the corresponding Wang and Voss (2003) individual or simul-
taneous con dence intervals include zero. The test procedureis: reject each
null hypothesisHy; if and only if the con dence interval for ; excludeszer.
This testing procedure controls the error rate and usesthe data adaptively.
Better yet, one can obtain adaptive, robust tests that are more easily
implemenrted and are still of the speci ed size.For testing ead null hypothesis

Ho; : i = 0, one neednot exclude the corresponding estimator " from the
computation of the denominator or standard error, since ; = 0 under the
null hypothesis.

For example, to obtain an individual test of Ho; : i = 0, Berk and

Picard (1991) proposedrejecting the null hypothesesfor large values of the
test statistic
n2
i

k=1 JAJ(zk)zu
where the denominator is the meanvalue of the u smallest squaredestimates
computed from all h estimates, for a prespeci ed integer u. This test controls
the error rate becausethe test statistic is non-increasingin "2 for ead k 6 i.
Also, sincethe denominator is the samefor testing ead hypothesisHg;, im-
plemenrtation of the test is simple relative to implementation of corresponding
con dence interval procedures.

Analogously, Vossand Wang (2005) proposedindividual and simultaneous
adaptive tests based on Ai ="nin for i = 1;:::;h, which are similar to the
adaptive con dence intervals of Section 4.2, but with ~ni, computed from all
h estimators " rather than by setting aside " when testing Hoi : i = O.
The more powerful version of this test will be discussedin Section5.2.
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5.2 Step-do wn tests

While a single-steptest comparesead e ect estimate with the samecritical

value, a step-downtest usesthis \single-step” critical value only for the largest
e ect estimate, then \steps down" to test the next largeste ect estimate using
a sharper critical value, stepping down iterativ ely and stopping only when an
e ect is not signi cant. It is well known, by virtue of sharper critical values
after testing the e ect with largest estimate, that simultaneous step-down
tests have a clear power advantage over simultaneous single-step tests; see,
also, Chapter ?7.

Although step-up tests are analogousto step-down tests, they are not
consideredhere since error rate cortrol remains an open problem. Step-dovn
or step-up tests have been proposedfor the analysis of orthogonal saturated
designsby Voss(1988), Vossand Wang (2005), Verter and Steel (1996, 1998),
Langsrud and Naes(1998), and Al-Shiha and Yang (1999). Here we provide
the details of the tests of Vossand Wang (2005) sincethey have been proved
to cortrol the error rate. The other tests are intuitiv ely attractiv e but have
beenjusti ed' only empirically.

To dewelop the test, we usethe closel testing procedure of Marcus, Peritz,
and Gabriel (1976). This procedurerequiresthe construction of a size- test
of the hypothesis

Hoy @ 1= 0; foralli2l
for eadh non-empty index set | f1;:::;hg. We test this null hypothesis
using the test statistic
Ti = maxTi; whereT = h2=n2 7)

and where 72, is de ned asin equation (6) but with the modi cation that
eadh "f is computed using all h e ect estimators "}, rather than setting one
aside.

Let ¢ denote the upper- quarntile of the distribution of T, when all h
e ects are zero. Then, the test that rejects Ho, if T, > ¢ is a size- test
of the null hypothesis sincethe test statistic T, is a non-increasingfunction
of '\,f for eah k 621 (Vossand Wang, 2005). For ead i, the closedtesting
procedure rejects Hoi : ; = 0 if and only if Ho, is rejected for ead |
containing i. Use of this procedure controls the simultaneous error rate to be
at most ; seeMarcus, Peritz, and Gabriel (1976). It requiresthe testing of
2" 1 hypotheses,one for ea subset| of e ects. It is then necessaryto
sort through the results to determine which e ects ; can be declaredto be
non-zero.However, by de nition of the test statistic in (7), | | ®implies that
T, T,o. Also, it can be shown that the critical valuesc, decreaseasthe size
of the set| decreasesThus, we can obtain a \shortcut" as follows, (seealso
Chapter ?7?).
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Step-do wn Test Pro cedure: Let [1];:::;[h] be the indices of the e ects
after reordering so that Ty < < Tin). We denote by ¢; the upper-
critical value ¢, for any index set| of sizej. The stepsof the procedureare:

S1. If Ty > ¢y, , theninfer ) 6 0 and go to step 2; elsestop.
S2: If Ty 13> ¢ 1; , theninfer , 1; 6 0and goto step 3; elsestop.
S3:

This proceduretypically stopswithin a few stepsdue to e ect sparsity. Voss
and Wang (2004) proved, for the above test of Ho,i : = 0 (i = 1;:::;h),
that the probability of making any false inferences(Type l) is at most for
any valuesof the parameters 1;:::; .

We now apply the step-down test to the plasmaetching experimert, choos-
ing a simultaneous signi cance level of = 0:05and J = f8;12g, as de-
scribed in Section 4.2. We obtained, via simulation, the valueswg = 4:995,
Wiz = 2:074, Ci5.0.05 = 4:005, C14.0:05 = 3:969, and subsequen critical val-
ues not needed here. The values of wg and wy, are dierent from those
in Section 4.2 for con dence intervals, since now no *; is set aside to ob-
tain ~min . For testing each e ect, 2 = 95697 and *2, = 161994, so that
A2, = 95697. Hence,the minimum signi cant di erence for the largest es-
timate is Ci5.0.05"min = 12389, and A is declaredto be signi cantly dierent
from zero. Stepping down, the minimum signi cant di erence for the sec-
ond largest estimate is C14.0.05"min = 12278 and AB is not declaredto be
signi cantly dierent from zero, nor are any of the remaining e ects at the
simultaneous 5% level of signi cance.

We recommendthe use of this method for the analysis of orthogonal sat-
urated designs.It is the only adaptive step-down test in the literature known
to control Type| error rates. Furthermore, it is more powerful than the corre-
sponding single-steptest. The single-steptest is analogousto the simultaneous
con dence intervals of Wang and Voss(2003) and the latter were shown via
simulation to provide good minimax and averagepower over a variety of pa-
rameter con gurations.

6 Discussion

There are important advantages in using adaptive robust proceduresthat
strongly cortrol the error rate. Strong cortrol of the error rate provides the
statistical rigor for assessinghe believability of any assertionsmadeabout the
signi cance of the main e ects or interactions, whether con dence intervals
or tests are applied. Use of a robust adaptive procedureallows the data to be
usede cien tly.

From the mathematical viewpoint, the existenceof robust adaptive pro-
ceduresthat strongly cortrol the error rates is facilitated by the availabilit y
of an adaptive variance estimator which is stochastically smallestwhen all
are zero (the null case).Wang and Voss(2003) provided a large classof such
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robust adaptive estimators, with a lot of exibilit y in the possible choicesof
the setJ and weights w; for construction of adaptive variance estimates. A
remaining problem is to determine which estimators in the classare the most
robust, in the senseof performing well over all reasonableparameter con gu-
rations under e ect sparsity. Additional simulation studies seemnecessaryto
investigate this issue;seeWang and Voss(2003).

One way to construct or formulate an adaptive variance estimator is to
have multiple variance estimators and to have a data-dependert choice of
which one is used. Adaptive methods known to strongly control error rates
use special variance estimators of this type. In particular, the construction
of adaptive variance estimators that allow strong cortrol of error rates de-
pendsfundamentally on choosingbetweense\eral possiblevariance estimators
where (i) eat possiblevariance estimator is a non-increasingfunction of eath
squaredestimator Aiz, and (ii) the adaptive estimator is the minimum of these
contending variance estimators. Under these circumstances,this minimum is
alsonon-increasingin ead squaredestimator Aiz, asrequired for application of
the Stochastic Ordering Lemma. The lemma alsorequiresthat the estimators
" beindependert and that the distribution of each squaredestimator /\iz be
non-decreasingn 2. Theserequiremerts all hold for analysisof an orthogonal
designunder standard linear model assumptions.Under such assumptions,an
orthogonal designyields independen e ect estimators. A designis nonorthog-
onal if any of the estimators " are correlated under standard linear model
assumptions.

For a nonorthogonal design, the problem of how to construct a variance
estimator that is robust, adaptive and known to strongly cortrol error rates
isdicult. Sofar, there is only one procedureknown to strongly control error
rates. For analysis of nonorthogonal designs,this method, developed by Ki-
nateder, Vossand Wang (1999), builds upon a variance estimation approach
of Kunert (1997) using sequettial sums of squares.However, the use of se-
quertial sums of squaresis equivalent to making a linear transformation of
the estimators Ai to obtain independert estimators 4, for which the corre-
sponding sequetial sums of squaresare also independert. Unfortunately, if
the e ects areentered into the model in the order 1; 2;:::, then the expected
value of /Y caninvolve not only ; but alsothe e ects  forj i; seeKunert
(1997). As a consequenceg ect sparsity is diminished for the meansof the
transformed estimators, % .

The problem of data analysis is even harder for supersaturated designs.
Then, not only is there necessarilynonorthogonality, but estimability of ef-
fects also becomesan issue. Chapter ?? discussessome of the serious prob-
lems involved in the analysis of supersaturated designs. Related references
include Abraham, Chipman, and Vijayan (1999), Lin (2000), and Holcomb,
Montgomery, and Carlyle (2003). There is currently no method of analysis of
supersaturated designsthat is known to provide strong control of error rates.
Further work is neededin this area,aswell ason the analysisof nonorthogonal
saturated designs.
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Returning to the discussionof orthogonal saturated designs,Lenth's (1989)
method works well in general and no simulation study so far has detected
a parameter con guration for which the error rate is not controlled. Also,
his procedureis not very dependent on making a good initial guessfor the
number of negligible e ects, although use of the median causeshis method
to break down if more than half the e ects are large. It is of great interest
to show that his method strongly cortrols the error rate. We cannot use
the adaptive technique developed by Wang and Voss (2003) to resolwe this
question for Lenth's method becausetheir method usesa monotone function
of the absolute e ect estimatesto estimate , whereasLenth's method and
its variants, proposedby Dong (1993) and Haaland and O'Connell (1995), do
not.

In the seard for non-negligible e ects under e ect sparsity, it may seem
more reasonableto step up than to stepdown; that is, to start with evaluation
of the smaller estimates, and step up from the bottom until the rst signi -
cant jump in the estimatesis found. Then all e ects corresponding to the large
estimatescould be declarednon-zero. Step-down tests, where the largest esti-
matesare considered rst and onestepsdown aslong asead estimate in turn
is signi cant, are often justiable by the closure method of Marcus, Peritz,
and Gabriel (1976). Howewer, the mathematical justi cation of step-up tests,
including those of Verter and Steel (1998) and others, remains an interesting
and open issue.Wu and Wang (2004) have made someprogressin this direc-
tion and have provided a step-up test for the number of nonzeroe ects that
provides strong control of error rates. If at least three e ects are found to be
nonzero, one would like to conclude that the three e ects corresponding to
the three largest estimates are nonzero, but the procedure doesnot provide
this guarantee. Clearly further researd on step-up proceduresis needed.

It is appropriate to close this chapter with the following reminder. Al-
though the focus of the work described hereis on cortrolling the Type | error
rate for adaptive robust methods, the problem of Type Il errorsin the anal-
ysis of screeningexperiments should not be overlooked. If a Type Il error is
made, then an important factor would be ignored in subsequeh experimerts.
On the other hand, if a Typel error is made, then an inactiv e factor is unnec-
essarily kept under considerationin future experiments, which is lessserious.
We argue that the best tests are the most powerful tests of speci ed size.
In a simulation study, we shoved (Wang and Voss, 2003) that, in terms of
power, adaptive methods known to have strong cortrol of Type | error rates
are competitiv e with alternative methods for which strong cortrol of Type
| error rates remains to be established. Hence, one can use adaptive robust
methods known to strongly cortrol error rates without sacri cing power.
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